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❝❞❡❵ ✲ ❧❜①③♥

✶ ❞❧❵② ✵✳✶

/O 6= A ⊂ R ✐❞③

✳❵ s✐rq ✵✳✶✳✶

✳♦❡❦♣
✱❝✐♥③ ❞♣❡❦♣ ❞♣r❤❞ n > N ❧❦❧② ❥❦ N ♠✐✐✇ ♠❵ ❝✐♥③ ❤r♥❦ ❞♣❡❦♣ ❞①❝q ❧r ❞♣r❤ ❞①❝❜❞❞ ✐t ❧r

✳❝✐♥③ ❞♣❡❦♣ ❞♣r❤❞ n > N1 ①❡❛r② N1 ③♥✐✐✇ ❝✐♥③ ❤r♥❦ ❞♣❡❦♣ P1(n) ♠❵ ✿✇✐q♣
✳❝✐♥③ ❞♣❡❦♣ ❞♣r❤❞ n > N2 ①❡❛r② N2 ③♥✐✐✇ ❝✐♥③ ❤r♥❦ ❞♣❡❦♣ P2(n) ♠❵

✳❝✐♥③ ❞♣❡❦♣ ❞♣r❤❞ P (n) ✐❦ ❧❛✇♣ max(N1, N2) ①❡❛r ♦❦❧

❛ s✐rq ✵✳✶✳✷

✳♦❡❦♣ ❵❧
✱❞♣❡❦♣ ❞♣r❤❞ ❞①❡❛r② n > N ♠✐✐✇ N ❧❦❧ ♠❵ ❣✐❦② ♦t❡❵❛ ③♥✐✐✇③♥ ❞①❝q ❧r ❞♣r❤ ❞①❝❜❞❞ ✐t ❧r

✳❞♣❡❦♣ ❞♣r❤❞ ❞①❡❛r② n1 > N ③♥✐✐✇ N ❧❦❧ ❣✐❦② ♦t❡❵❛ ③♥✐✐✇③♥ P1(n) ♠❵ ✿✇✐q♣
✳❞♣❡❦♣ ❞♣r❤❞ ❞①❡❛r② n2 > N ③♥✐✐✇ N ❧❦❧ ❣✐❦② ♦t❡❵❛ ③♥✐✐✇③♥ P2(n) ♠❵

✳❥t❞❧❡ P2(n) ③❵ ③♥✐✐✇♥ ❵❧ n1 ② ③❡✐❞❧ ❧❡❦✐ ❥❵
✿❵♥❜❡❝

✳♠✐✐❜❡❢❞ ♠✐①tq♥❞ ❧❦ ✲ P1(n)
✳♠✐✐❜❡❢✲✐❵❞ ♠✐①tq♥❞ ❧❦ ✲ P2(n)

✳❝✐♥③ ♠✐♣❡❦♣ ♠♣✐❵ ❝❣✐ ♠❞✐♣② ♦❦❧❡ ✱♠❞✐♣② ③❵ ③♥✐✐✇♥② n ③♥✐✐✇ ❵❧ ❥❵ ③❡♣❡❦♣ ③❡♣r❤❞ ✐③②

✷ ❞❧❵② ✵✳✷

♦❡❦♣ ❵❧ ✵✳✷✳✶

✿③✐❝❜♣ ❵♥❜❡❝
an = (−1)n

ε = max(| 2− L |, | −2− L |) ①❣❛♣ ✬♦❡❧✐qt❵ ♠✐✐✇✬② ♦❡✐❦
✐❜❡❢✲✐❵ n ❧❦❧ an = −1 ❡ ✱✐❜❡❢ n ❧❦❧ an = 1 ❡❢ ❞①❝q❛

✿✐❜❡❢ n ❧❦❧ ♦❦❧

| 1− L |< ε ⇒| an − L |< ε

✿✐❜❡❢ ✲✐❵ n ❧❦❧❡

| −1− L |< ε ⇒| an − L |< ε

✳♠rt s❵ ③q♣❦③♥ ❞♣✐❵ ❞①❝q❞ ❥❵ ✱♠✐✐✇③✐ ✐❵♣③❞ ❦✧❵

✶

Foxit
Pencil



✳| (−1)n − L |≥ ε n > N ♠✐✐✇ N ∈ N ❧❦❧② ❥❦ ε > 0 ♠✐✐✇② ❧✧✈ L ∈ R ✐❞✐ ✿❞❣❦❡❞
L ❧❦❧ ❵❧ ❞❢② ❞❧✐❧②❛ ❣✐♣♣

ε =| L | ①❣❛♣
✿❧✧✈

| (−1)n − L |≥| L |

✳✭♦❡❦♣ ❤t②♥❞ ③✐❜❡❢✲✐❵ n ❧❦❛ ❢❵ L < 0 ①②❵❦❡ ✱♦❡❦♣ ❤t②♥❞ ③✐❜❡❢ n ❧❦❛ ❢❵ L ≥ 0 ①②❵❦✮ ♦❡❦♣ ❞❢❡

♦❡❦♣ ✵✳✷✳✷

✳| an − L |< ε n > N ❧❦❧② ❥❦ N ∈ N ♠✐✐✇② ❧✧✈ ε > 0 ✐❞✐ ✿❞❣❦❡❞
✳| an − L |< ε n′ > N ✬ ❧❦❧❡ ε > 0 ❧❦❧② ❥❦ N ′ ♠✐✐✇ ♦❡③♣❞ ✐t ❧r

✳| an − L |< ε n > N ❧❦❧ ❵❧✐♥♥❡ N ′ = N ❞ ③❵ ①✐❝❜♣

♦❡❦♣ ✵✳✷✳✸

✳| an − L |< ε n > N ❧❦❧② ❥❦ N ∈ N ♠✐✐✇② ❧✧✈ ε > 0 ✐❞✐ ✿❞❣❦❡❞
| an − L |=| bn − 0 |< ε n > N ❧❦❧② ❥❦ N ∈ N ♠✐✐✇ ε > 0 ❧❦❧ ✐❢❵bn −→ 0 ② ♠✐r❝❡✐ ❡♣❵② ♦❡✐❦

✳an ❧ ♠❜ ③❵❢ ♠✐✐✇✐ ❵❡❞❡ bn ❞①❝q❛ ε ❡③❡❵❧ ✐❵♣③❞ ③❵ ♠✐✐✇♥❞ N ❞ ③❵ ①❣❛♣ ε > 0 ❧❦❧ ♦❦❧

♦❡❦♣ ✵✳✷✳✹

❞♣❡❦♣ ❞✐❞③ ❞♣r❤❞ n > N ❧❦ ①❡❛r② N ∈ N ♠✐✐✇② ❵✧❢ ✱❝✐♥③ ❤r♥❦ u < an < v ❢❵ u < L < v ❧❦❧ ❞❧❵②❛ ❞①❝❜❞❞ t✧r
✱❝✐♥③

| an − L |< ε n > N ❧❦❧② ❥❦ N ∈ N ♠✐✐✇② ❧✧✈ ε > 0 ❧❦❧ ✿❧❡❛❜ ③①❝❜❞ t✧r
✳v = L+ ε

2 , u = L− ε

2 ①❣❛♣
✳❝✐♥③ ❞♣❡❦♣ an ①❡❛r ❞♣r❤❞ ❞❵❧❞❡ ❞♣♥♥② N ∈ N ③❵ ①❣❛♣❡

♠✐✐✇③✐❡

u < an < v = L− ε

2
< an < L+

ε

2
⇒ ε

2
< an − L <

ε

2
⇒| an − L |< ε

2
< ε

✸ ❞❧❵② ✵✳✸

❵ s✐rq ✵✳✸✳✶

✳♦❡❦♣ ❵❧
✱qt❵ ❞❡❡② ❞✐❞✐ ❵❧ ♠❧❡r❧ ❥❵ 1

n
−→ 0 ✐❦ ❞③✐❦❛❡ ①❛r② r❡❛②❛ ❡♣✐❵①❞

L = 0 /∈ (0, 2) ❥❵ 1
n
∈ (0, 2) ♦❦❧❡

❛ s✐rq ✵✳✸✳✷

✳♦❡❦♣
liman = sup{an |n ∈ N} ❵❡❞ ❞❧② ❧❡❛❜❞ ❞❧❡r ❞♥❡q❣ ❞①❝q❞ ①②❵❦ ✐❦ ❡♣❵①❞

✳liman = inf{an |n ∈ N} ❵❡❞ ❞❧② ❧❡❛❜❞ ③❝①❡✐ ❞♥❡q❣ ❞①❝q ①②❵❦❡
❥✐✐② ❞❧② ❧❡❛❜❞ ♠❜ ♦❦❧❡ ✱✭♦❡③❣③❡ ♦❡✐❧r ♠q❣ ③❡①❝❜❞ t✧r✮ r❤✇❞ ❥❡③❛ ❵✈♥♣ ❞❧② ♠q❣❞ ♠❜ ✐❢❵ an ∈ [c, d] ♠❵ ♦❦❧❡

✳❡✐❧❵

❜ s✐rq ✵✳✸✳✸

✳♦❡❦♣
✿ L /∈ Z ✐❦ ❞❧✐❧②❛ ❣✐♣♣

L 6= [L] ♦❦❧
[L] < L < [L] + 1 ♠✐✐✇❡

①❣❛♣
| an − L |< ε n > N ❧❦❧② ❥❦ N ∈ N ♠✐✐✇ ε > 0 ❧❦❧ ❞①❝❜❞❞ t✧r

ε = min(L− [L], [L] + 1− L) ❣✇♣

✷

Foxit
Pencil



−ε < an − L < ε ⇒ [L]− L < an − L < [L] + 1− L

[L] < an < [L] + 1

✳❞①✐③q ❡♣❧❛✇❡ an /∈ Z ✐❦ ✇✐q♣

✹ ❞❧❵② ✵✳✹

❵ s✐rq ✵✳✹✳✶

✳ 1
n
→ 0 ❞①❝q❞ ✐❦ ♠✐r❝❡✐ ❡♣❵

an = 1
n
· n!
nn−1 = n!

nn

✳qt❵❧ s❵❡② qt❵❧ ③t❵❡② ③❣❵ ①②❵❦ ③❡①❝q ✐♣② ❧② ❧❡❛❜❞ ❞✇✐❤♥③①❵ t✧r❡
an → 0 ♦❦❧

❛ s✐rq ✵✳✹✳✷

an =
2n5 − n3 + 10

3n5 − 5n4 + 8n2 + n
=

2n5

n5 − n
3

n5 + 10
n5

3n5

n5 − 5n4

n5 + 8n2

n5 + n

n5

=
2
1 − 1

n2 + 10
n5

3
1 − 5

n
+ 8

n3 + 1
n4

⇒

✿③❡❧❡❛❜❞ ❧② ❞✇✐❤♥③①❵ t✧r ✇✐q♣ x

np → 0 p ∈ Px ∈ R ❧❦❧ ✐❦ ♠✐r❝❡✐ ❡♣❵

⇒
2
1 − 0 + 0

3
1 − 0 + 0 + 0

=
2

3

an → 2
3 ♦❦❧

❜ s✐rq ✵✳✹✳✸

✳ 1
n
→ 0 ❞①❝q❞ ✐❦ ♠✐r❝❡✐ ❡♣❵

an =
∑n

k=1
1√

n2+k

✐❦ ③❡❵①❧ ♦③✐♣

1
√

1 + 1
n

=
n

n
√

n2

n2 + 1
n

=
n

n√
n2+n√
n2

=
n√

n2 + n
=

n
∑

k=1

1√
n2 + n

<

n
∑

k=1

1√
n2 + k

<

n
∑

k=1

1√
n2

=
n

n
= 1

1√
1+ 1

n

→ 1 ✿♦❦❧❡ 1
n
→ 0 ❞✇✐❤♥③①❵ t✧r

1 =<
n
∑

k=1

1√
n2 + k

< 1

✳❝❣❵ ❵❡❞ ❧❡❛❜❞ ✬✉✐❛❝♣q❞ ❤t②♥ t✧r❡
an → 1

✸

Foxit
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❝ s✐rq ✵✳✹✳✹

an = 1
n
· n
√
n =

n
√
n

n

✳ n
√
n → 1 ❞①❝q❞ ✐❦ ①❛r② r❡❛②❛ ❧✐❜①③❛ ❡♣❣❦❡❞

✳ 1
n
→ 0 ❞①❝q❞ ♦❦❡

✿a ❧❡❛❜❞ ❞✇✐❤♥③①❵ t✧r

a = 0 · 1 = 0

✿♦❦❧
an → 0

❞ s✐rq ✵✳✹✳✺

0.999999 + 1
N

< 1 ⇐ 1 < N(1− 0.999999) ⇐ 1
(1−0.999999) < N ② ❥❦ N ∈ N ♠✐✐✇ ✐❦ ③❡✐❝♥✐❦①❵ t✧r ♠✐r❝❡✐ ❡♣❵

(0.999999 + 1
n
) < 1 ①tq♥❞ n > N ❧❦❧ ♦❦❧

1
n
< 0.000009 ✿❥❦♥ ✇✐q♣

♦❦❧❡

0 < (0.99999 +
1

n
) < (0.999999)

✿❵❧✐♥♥❡

0 < (0.99999 +
1

n
)n < (0.999999)n

an → ✳❧❡❛❜ ❡③❡❵❧ s❵②③ ❵✐❞ ♠❜ ✳❞①❝q ③♥✐✐✇ ♠✐✐❡q♥ ❧❡❛❜❧ ③❡t❵❡②❞ ③❡①❝q ✐♣② ♦✐❛ ♠❵ ❞❵✈①❞❛ ❣❦❡❞② ❞♥ t✧r❡
0 ⇐ 0 < a < 0

✳qt❵ ❡♣✐❞ ❧❡❛❜❞ ✐❦ ✬✉✐❛❝♣q❞ ❤t②♥ t✧r ✇✐q♣
✿♦❦❧❡

an → 0

✺ ❞❧❵② ✵✳✺

❵ s✐rq ✵✳✺✳✶

♦❡❦♣
(an + bn) −→ L ♦❦❡ an −→ a ✐❞✐

✱qn − pn −→ q − p ✐❦ ♠✐r❝❡✐ ❡♣❵ ❞✇✐❤♥✐③①❵ t✧r
(an + bn)− an −→ L− a⇒ bn −→ L− a ♦❦❧❡

❛ s✐rq ✵✳✺✳✷

✳③✐❝❜♣ ❵♥❜❡❝ ✳♦❡❦♣ ❵❧
✳q♣❦③♥ ❵❧❡ bn = n ❥❵ an = 1

n
−→ 0

✳anbn = n

n
= 1 −→ 1 ✿q♣❦③♥ ♠❞❧② ❧t❦❞ ❡❧✐❵❡

❜ s✐rq ✵✳✺✳✸

✳♦❡❦♣ ❵❧

an = n
(−1)n−1

2

✳ 1
n
❞❡❡② ✐❜❡❢ ✐❵ n ❛❡ ✱❝❣❵❧ ❞❡❡② ✐❜❡❢ n ❛ ✱③q♣❦③♥ ❞♣♣✐❵

bn = n
(−1)n+1

−1
2

✳ 1
n
❞❡❡② ✐❜❡❢ n ❛❡ ✱❝❣❵❧ ❞❡❡② ✐❜❡❢ ✐❵ n ❛ ✱③q♣❦③♥ ❞♣♣✐❵

an = n
(−1)n−1

2 bn = n
(−1)n+1

−1
2 ⇒ anbn = n

(−1)n+(−1)n+1
−2

2 = n−1 −→ 0

✹



✳③❡q♣❦③♥ ♦♣✐❵ ♦❞✐③② ❥❵ ✱qt❵❧ s❵❡② ③❡①❝q❞ ✐③② ❧② ❧t❦❞

❝ s✐rq ✵✳✺✳✹

✳♦❡❦♣
❪(an + bn)

2 = a2n + 2anbn + b2n −→ 0✿✐❢❵ (an + bn)
2 −→ 0 ✐❞✐
✿①❢r ③♣r❤

✳an −→ 0 ♠❜ ✐❢❵ a2n −→ 0 ♠❵
✿❞❣❦❡❞

| a2n |< ε n > N ❧❦❧② ❥❦ N ∈ N ♠✐✐✇ ε > 0 ❧❦❧ ❞①❝❜❞❞ t✧r
| an |< ε ⇐ a2n < ε2 ✿♦❦❧❡ ⇐ ε2 > 0 ⇐ ε > 0 ② ♦❡✐❦

✿③②①❝♣❞ ❞❣❦❡❞❧ ①❡❢❣♣
✿③❡✐❛❡✐❣ ③❡①❝q❞ ❧❦ ✐❦ ♠✐r❝❡✐ ❡♣❵② ♦❡✐❦❡ ❵ s✐rq❛ ❣❦❡❞② ❞♥ t✧r

✳qt❵❧ s❵②✐ ❵❧ ♦❦ ♠❜ ♠❞❧② ①❡❛✐❣❞ qt❵❧ ③❡t❵❡② ♦♣✐❵ ♠❞ ♠❵② ♦❵❦♥ a2n, b
2
n > 0

a2n, b
2
n −→ 0 ⇐ a2n + 2anbn + b2n −→ 0 ✐❦ ✇✐q♣

an, bn −→ 0 ①❢r❞ ③♣r❤ t✧r❡

❞ s✐rq ✵✳✺✳✺

✳♦❡❦♣
an → 0

✳qt❵❧ s❵❡② ❞qt❵ ❞①❝q❛ ❵✐❞② ❧❦ ❞①❝q ❧② ❧t❦ ann = an−1
n an → an−1

n · 0 → 0 ✿❞✇✐❤♥③✐①❵ t✧r ✇✐q♣

❡ s✐rq ✵✳✺✳✻

✿①❢r ③♣r❤❛ ✭❝✮ s✐rq❛ ✐③❣❦❡❞ a = 0 ①②❵❦
✿❞❣❦❡❞

| √an |< ε ⇐| an |< ε2 n > N ❧❦❧② ❥❦ N ∈ N ♠✐✐✇ ♦❦❧❡ ε2 > 0 ⇐ ε > 0 ② ♦❡✐❦
✭③❡✐❛❡✐❣ ③❡①❝q❛ ✇① ♠✐✇qr③♥ ❡♣❵② ♦❛❡♥❦✮

✳
✿ a > 0 ①②❵❦

| an − a |< ε n > N ❧❦❧② ❥❦ N ∈ N ♠✐✐✇ ε > 0 ❧❦❧ ❞①❝❜❞❞ t✧r
an − a 6= 0 ✐❦ ♠✐r❝❡✐ ❡♣❵

an − a <| εM | n > N ❧❦❧② ❥❦ N ∈ N ♠✐✐✇εM ❧❦❧ ✐❦ ♠✐r❝❡✐ ❡♣❵ M =| 1√
an−

√
a
| ①✐❝❜♣

| an − a |< εM ⇒ −εM < (
√
an −

√
a)(

√
an −

√
a) < εM

−ε | 1√
an −√

a
|< (

√
an −

√
a)(

√
an −

√
a) < ε | 1√

an −√
a
|

✿♠✈♥✈♣❡ M−1 ❛ ❧✐t❦♣

−ε < (
√
an −

√
a) < ε

�

✺
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